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Abstract
Game trees are a fundamental mathematical abstraction for
analyzing games, often implemented as rose trees in func-
tional programming. We can construct rose trees by starting
from an initial state and iteratively applying the function
that provides the states one move away, an approach known
as an anamorphism (or colloquially, an unfold).
In ML or Haskell, finite and infinite rose trees share the

same type, but proof assistants typically distinguish them:
finite trees as inductive, infinite ones as coinductive. With
the inductive approach, defining the unfold function is tricky
but we obtain a finite tree that is easy to compute with and
easy to reason about. With the coinductive approach, defin-
ing the unfold function is easy but we obtain a potentially
infinite tree, which is harder to reason about since we must
resort to proof techniques like bisimulation. In this paper, we
compare the inductive and coinductive approaches to game
trees, implement unfold functions for both, and prove the
soundness and completeness of both unfold functions (with
respect to the game) in the Rocq Prover. We illustrate these
techniques with implementations of a tic-tac-toe game and
a simple SAT solver.

CCSConcepts: • Software and its engineering→ Formal
software verification; Functional languages; • Comput-
ing methodologies→ Game tree search.
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1 Introduction
Game trees are a useful mathematical abstraction for reason-
ing about pathfinding, constraint satisfaction, and games [1].
A game tree consists of the states of a game organized as
a tree, where each branch leads to a state after a move. A
complete game tree is one that contains all possible game
states. Such trees can be used for global reasoning about
future moves, such as deterministically computing the best
possible move at a given point in the game.
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Figure 1. An example game tree for tic-tac-toe.

An example game tree for tic-tac-toe can be seen in Fig-
ure 1. At the root node, we start with the empty board, which
is the initial game state. First it is x’s turn, so we consider
all possible moves x can make. There are 9 empty cells on
the board x could choose, so the root node has 9 immediate
subnodes. At each of the subnodes, it is now o’s turn. There
are 8 empty cells left on the board at any of these nodes,
therefore they all should have 8 immediate subnodes.
We omit most branches of the tic-tac-toe game tree here

for brevity. The complete tree would have 549,946 nodes
if we expand naively, and that is if we were to stop build-
ing the game tree when a player wins before all cells are
filled. The lesson to learn here is that game trees can grow
exponentially, and that computing game trees is hard! For
games with a large number of possible game states, it may
even be infeasible. Famously, the chess games of IBM’s Deep
Blue against grandmaster and then long-time world cham-
pion Garry Kasparov exemplified the difficulty of computing
game trees and searching for the best move [27, 46].
The straightforward implementation of game trees as a

functional data structure coincides with what the functional
programming community calls rose trees: trees where nodes
can have a list of subtrees. This type has been the subject
of considerable research, both in the functional program-
ming community [35, 21, 23, 22, 6, 25], due to its challenges
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for program calculation, and in the proof assistants commu-
nity [45, 60, 63, 54], due to the trickiness of code generation
for it. (As they say, there is no rose without a thorn!) That
is, however, not what we want to focus on in this paper. In-
stead, we want to investigate how the restrictions of proof
assistants can complicate building and evaluating game trees
represented as rose trees. For this purpose, we will use1 the
Rocq Prover (formerly known as Coq) [49], which is a purely
functional programming language and a proof assistant.
The most intuitive way of populating a game tree is to

start from an initial game state and to keep adding the states
that are one move away from a given state. Suppose we
have a function that takes a single game state as an input,
and returns a list of game states, each representing the new
game state after one move. We should now be able to write
a function that computes the entire game tree from these.
Luckily, functions that build data structures by applying a
function repeatedly have been studied extensively [36]; these
functions are called anamorphisms (or unfolds)! Unluckily,
anamorphisms yield potentially infinite values, and therefore
their results are often written as coinductive values, such as
streams [64, 37]. On the other hand, defining anamorphisms
to generate inductive values is awkward, since it requires
nonstructural recursion, which is difficult in Rocq because of
termination restrictions [48, 7]. Therefore, we have to think
carefully about whether we should define our rose trees
inductively, which guarantees that our rose trees would be
finite, or coinductively, which allows infinite rose trees.
This decision requires us to figure out a more important

issue: Is the game under consideration even finite? For tic-
tac-toe, we can see that the game will end once all the cells
are filled or a player wins the game, but what about a game
like chess? Would a complete game tree for chess be finite?2
If our game is finite, thenwemight want to use inductive rose
trees to represent its game tree, which makes building the
game tree more difficult but makes proving properties about
the game tree easier. If our game is infinite, we might want
to use coinductive rose trees, since coinductive values allow
representing infinite game trees. Coinductive trees would
make building the game treemuch easier but reasoning about
the entire tree harder. In this paper, we implement game
trees both inductively and coinductively, and investigate the
advantages and disadvantages of these approaches in Rocq.
Concretely, we
1. define coinductive rose trees and a corecursive unfold

unfold_cotree (§3), and show how to recover finiteness
via a predicate finite_cotree over a fuel-led conversion,

2. define an inductive unfold unfold_tree driven by acces-
sibility predicates, with an intrinsic interface for next,
made structurally recursive (§4),

1The Rocq development for this paper is available as supplementarymaterial
at https://github.com/bloomberg/game-trees.
2Actually, yes, since the 75 move rule was introduced [38].

3. prove soundness and completeness theorems for both un-
foldings (§5.1, §5.2),

4. showcase these definitions and functions on tic-tac-toe,
whose terminationwe prove through awell-founded game
step relation, and extract an executable game against an
unbeatable AI (§6),

5. and repurpose the same framework to build a simple SAT
solver, expressed as a game tree that enumerates assign-
ments and returns a satisfying one if it exists (§7).

2 A Naive Attempt
For our initial approach, let us use the following inductive
definition of rose trees:

Inductive tree (A : Type) : Type ≔

| node : A → list (tree A) → tree A.

We have an inductive type tree, parameterized by the
type A, which represents the data stored in the nodes of the
rose tree. We have a single constructor node, which can hold
any number of subtrees with the help of the list type.

Now, we can start writing the function that builds a game
tree. Our initial game state will be the root of the game tree,
and we can call next to get the states one move away.

If the next function returns an empty list, we stop expand-
ing that branch, since there are no more moves to make. If
the game is finite, all branches of the game tree will eventu-
ally reach a state at which there are no more moves to make.
If the next function returns some states, these will be the
roots of the subtrees. Therefore, we can do a recursive call
for each of them and continue building the subtrees.
Let us try to implement this function, generalized to any

game state type A:

Fixpoint unfold_tree {A : Type}
(next : A → list A)
(init : A) : tree A ≔

node init (map (unfold_tree next) (next init)).
.

Error:
Cannot guess decreasing argument of fix.

Our attempt here failed because we could not convince
Rocq that our function terminates. Non-terminating func-
tions make a proof assistant unsound (since you could prove
every theorem, including False, with an infinite loop), there-
fore Rocq only accepts obviously terminating functions3. An
obviously terminating recursive function is usually4 one

3Since Rocq cannot detect whether any given program terminates or not
(also known as the halting problem, whose undecidability was famously
proven by Turing [61]), Rocq chooses to accept a subset of programs that
terminate.
4Rocq’s termination checker accepts some special cases that are not strictly
structurally recursive but are terminating. For the full formalization of the
termination checker, see Tan [59].

https://github.com/bloomberg/game-trees
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that is structurally recursive, where one of the arguments
passed to the recursive call is a strict subterm of the original
argument.

In our definition of unfold_tree, however, the recursive
call is not given a strict subterm of the argument; it is given
an element drawn from the result of a call to next. The ar-
gument in the recursive call may even be larger than the
original argument! We are at the mercy of whoever imple-
mented and passed the next function as an argument. How
do we deal with this situation? We need nonstructural recur-
sion to implement this function, but even then we have to
show that the function eventually terminates.
The question we want to ask ourselves here is, is our

game finite? If the game is not finite, then Rocq is right to
disallow this particular function definition, and we should
turn to coinductive rose trees. If the game is finite, how do
we convince Rocq that our function terminates? Or can we
pretend initially that our tree might be infinite and later
prove that it actually terminates? We pursue both paths: We
will first investigate the coinductive trees, and later see how
we can finish the unfold_tree function for inductive trees.

3 Coinductive Types to the Rescue!
Our earlier inductive definition of trees limits the trees we
can create to finite ones. Rocq, however, also allows possi-
bly infinite values using coinductive types. Let us define a
coinductive type for potentially infinite rose trees:

CoInductive cotree (A : Type) : Type ≔

| conode : A → colist (cotree A) → cotree A.

Notice how we used colists here, which are the coinduc-
tive version of the inductive type list. While a colist can
consist of infinite applications of the cocons constructor, a
colist can also be terminated with the conil constructor.

Using infinite rose trees, we can implement the same func-
tions as we did before. In fact, even our naive unfold_tree
definition, when adjusted to use cotrees, is accepted by
Rocq as a valid corecursive function:

CoFixpoint unfold_cotree
{A : Type}
(next : A → colist A)
(init : A) : cotree A ≔

conode init (comap (unfold_cotree next) (next init)).

3.1 Proving the Termination of Cotrees
cotrees can be infinite or finite. They can be infinite because
Rocq allows corecursive definitions as long as the recursive
calls are arguments to a constructor of the coinductive type.
This means a definition of an infinite tree like this is allowed:

CoFixpoint infinite_tree (n : nat) : cotree nat ≔

conode n (cocons (infinite_tree (1 + 2 * n))
(cocons (infinite_tree (2 + 2 * n) conil)).

This infinite tree definition allows building trees like this:

… … … …

0

1 2

3 4 5 6

Figure 2. infinite_tree 0 visualized.

But coinductive trees can also be finite. A colist of
cotrees can be terminated by a conil, therefore it is possible
to construct a finite cotree such as conode 0 conil.
One way we can inspect whether a cotree is finite is to

unwrap it into an inductive tree. However, to make sure
that we unwrap the cotree a finite number of times, we
add an extra parameter fuel, which is a natural number, to
our function. This is a common pattern in proof assistants,
called the fuel pattern [34, 57]. Otherwise, the unwrapping
is straightforward: we inspect the cotree and put the label
onto a tree, and continue with recursion on the fuel. Fol-
lowing the OCaml tradition of conversion function names,
we name the unwrapping function for lists list_of_colist
and the one for trees tree_of_cotree:

Fixpoint tree_of_cotree
{A : Type} (fuel : nat)
(t : cotree A) {struct fuel} : tree A ≔

match t with
| conode a f ⇒

match fuel with
| O ⇒ node a nil
| S fuel' ⇒

node a (map (tree_of_cotree fuel')
(list_of_colist fuel f))

end
end.

It is now possible to reach a complete inductive game tree
from a cotree by unwrapping the tree sufficiently many
times. Here is what this termination condition looks like in
Rocq as a predicate on cotrees:

Definition finite_cotree
{A : Type} (t : cotree A) : Type ≔

{n : nat | tree_of_cotree n t
= tree_of_cotree (1 + n) t}.

This definition says that a cotree can be called finite if there
exists a natural number n such that unwrapping the cotree n
times results in the exact same tree as unwrapping the cotree
1 + n times. Intuitively, there is an n that is enough fuel to
capture the whole tree.

We can even define a predicate on an initial game state and
the function that gives us the game states after one move:
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Definition finite_game
{A : Type}
(next : A → colist A)
(init : A) : Type ≔

finite_cotree (unfold_cotree next init).

Using these predicates, we can prove that the game tree
for tic-tac-toe is complete, even though checking this proof
can take around half a minute:

Theorem ttt_is_finite : finite_game ttt_conext ttt_init.
Proof. exists 10; simpl; reflexivity. Defined.

Why did we have to unwrap the tree 10 times? Well, the
depth of the game tree for tic-tac-toe is 10: The initial state
accounts for one, and a tic-tac-toe game must end within 9
moves, so the total accounts for all 10 steps of depth. While
we can find the game tree depth (and the maximum number
of moves) intuitively for tic-tac-toe, finding this number
for more complex games is not this straightforward. For
example, it took a lot of computational power and clever
tricks to find that the maximum number of moves in chess is
17,697 [32, 38]. For games like this, we may want to compute
the game tree inductively, where we do not have to know
the maximum number of moves in a finite game.

4 Finding a Way around Termination
Rocq provides multiple mechanisms to write functions with
nonstructural recursion: the Fix combinator from the Rocq
standard library, the Function command [3, 4], the Program
Fixpoint command [52], the Equations plugin [55], or just
accessibility predicates [42, 7] in plain Rocq. The same idea
of well-founded recursion lies at the heart of all of these
methods5: that something keeps getting “smaller” with every
recursive call, and there should be a point at which it cannot
get any smaller. To say it more precisely, if the argument to
the recursive function decreases with respect to a relation,
and if the relation does not allow infinite descending chains,
then the function eventually has to terminate.
Accessibility predicates are the constructive formulation

of the same idea. They are defined in the Rocq standard
library as follows:

Inductive Acc (A : Type)
(R : A → A → Prop)
(x : A) : Prop ≔

| Acc_intro : (∀ (y : A), R y x → Acc R y) → Acc R x.

We can think of the accessibility predicate as a recursion
permission [31]. For a relation R, if we have the permission
for x, that means we can obtain the permission for any value
y that is “less than” x (as judged by the relation R). Since the

5The mechanisms we listed above amount to syntactic sugar that generate
the same obligations. Working directly with Acc highlights how termination
evidence is threaded through our definitions, which fits the didactic spirit
of a proof pearl. Also, as Leroy [33] argues, functions using Acc are often
easier to write, prove properties about, and extract.

new Acc value is obtained from a strict subterm of the orig-
inal, this counts as structural recursion! We will, however,
have to prove that the relation is well-founded: that we can
produce an Acc for any x of the type A.
A common pattern in using accessibility predicates for

nonstructural recursion is having two functions:

1. an auxiliary function that is structurally recursive on
its Acc parameter,

2. an entry point function that calls the auxiliary function
with the necessary Acc argument, produced by a well-
foundedness proof for the relation R.

For cases in which the entry point function does not use
a fixed relation, we can quantify over the well-foundedness
of the relation using a type class [56]:

Class WellFounded {A : Type} (R : A → A → Prop) ≔

wellfounded : ∀ (x : A), Acc R x.

When we pick a relation to use for termination, we create
an instance of the WellFounded type class for that relation
by proving its well-foundedness. Our entry point function
that quantifies over the relation can also have a WellFounded
type class parameter and use that parameter to obtain the
accessibility predicate.

4.1 Unfolding Inductive Trees
Let us get back to our definition of unfold_tree. When we
make recursive calls on the next states, what determines
that progress is made? To ask more colloquially, what gets
smaller in our recursive calls? We are deeper in the game,
but does this mean the game state is somehow “smaller” in a
way we can express to Rocq’s type checker? For tic-tac-toe, it
is trivial to see that the number of empty cells gets less as the
game continues. But what about other games? For a game of
chess, for example, how can we say a game state is closer to
the end than another game state? We leave this question to
a brave soul who wants to take on the task of writing a Rocq
proof of the finiteness of chess. For now, we parametrize our
unfold_tree function with the WellFounded type class and
move on.

Our new plan is to write an auxiliary function and an entry
point function. Let us start with the auxiliary function, which
will do the heavy lifting. Compared to our naive attempt at
unfold_tree, our new auxiliary function must have new
parameters: R, which is a relation on the game state type
A, and acc : Acc R init, the accessibility predicate that
allows us to do a recursive call on anything of type A that is
“smaller” than init. But how do we know that the values we
obtain from the next function are “smaller” than init? We
do not. We have to find a way to make it so. If we change
the type of next to carry a proof that all of the elements in
the list are “smaller” than init, that solves our problem.

The style of dependently typed programming where func-
tions return a result and a proof about the result at the same
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time is called intrinsic verification. This style is often con-
trasted with extrinsic verification, where you write your func-
tion in an ML-like subset of your language, and then prove
properties about it outside of the function definition [31].
Extrinsic verification is often favored over intrinsic verifica-
tion in Rocq6. However, in this case, we are forced to take
a more intrinsic approach since we need the extra proof to
convince Rocq that our function terminates.

Now, with the extra parameters and the updated type for
next, we can write down the type of our auxiliary func-
tion (but let us leave it unimplemented for now!) and the
implementation of our entry point function:
Fixpoint unfold_tree_aux

{A : Type} (R : A → A → Prop)
(next : ∀ (y : A),

{l : list A | Forall (𝝀 x ⇒ R x y) l})
(init : A)
(acc : Acc R init) {struct acc} : tree A ≔

(* We have to fill here! *).

Fixpoint unfold_tree
{A : Type}
(R : A → A → Prop) `{WellFounded R}
(next : ∀ (y : A),

{l : list A | Forall (𝝀 x ⇒ R x y) l})
(init : A) : tree A ≔

unfold_tree_aux R next init (wellfounded init).

We want to fill in the definition of unfold_tree_aux, but
we would like a concise definition, ideally one as close as
possible to our naive attempt. Earlier, we had called next
with the initial state init, and then tried to map the result by
converting each of the states after one move into their own
game trees. Would it be possible to follow the same idea?

4.1.1 A Short Detour with Lists and Dependent Pairs.
The new type for next makes it more difficult to mimic our
naive implementation of unfold_tree, as the new return
type of next is a list paired with a proof that all elements
in the list are “less” than init. 7 The map function, however,
expects a list and not a dependent pair. The left side of
the pair contains a list, but we cannot simply get the first
projection of the pair and keep mapping, because we need
the proof parts to be able to do recursive calls! That is, we
6Mostly due to the user experience of dependent pattern matching, as we
can see in subsubsection 4.1.1. While Rocq technically supports dependent
pattern matching, writing such code often requires the use of convoy pat-
tern [9] or generating this code with Ltac tactics, although writing Rocq
code with Agda-like dependent pattern matching is possible thanks to the
Equations [55] plugin in Rocq.
7You might wonder why we use {l : list A | ...} instead of
list {a : A | ...} here. The choice reflects a trade-off: With
list {a : A | ...}, it’s easier to implement unfolding, but writing an
intrinsically terminating next moves function becomes more difficult. With
{l : list A | ...}, the situation is reversed: unfolding is harder, but
defining the next moves function is easier. Since our priority is to make the
library easier to use, we adopt the second approach. This is illustrated by
our definition of ttt_next_intrinsic in section 6.

need a function that takes the dependent pair of the list
and a proof about all elements in that list, and divides it
into a list containing elements paired with a proof about
each particular element. Let us try to define this function
recursively:8

Fixpoint distribute
{A : Type} {P : A → Prop}
(p : {l : list A | Forall P l})
: list {a : A | P a} ≔

match p with
| ([]; _) ⇒ []
| (x :: xs; Forall_cons pf_x pf_xs) ⇒

(x; pf_x) :: distribute (xs; pf_xs)
end.

.

Error:9

- Non-exhaustive pattern-matching:
no clause for pattern (_::_; Forall_nil).

- Recursive call has argument (xs; pf_xs)
instead of a subterm of p.

Our attempt fails for two reasons: the first is that Rocq is
not particularly good at dependent pattern matching. Even
though the :: case of the match expression correctly as-
sumes that the proof packed in the dependent pair must be
talking about a nonempty list, Rocq could not understand
that.While there are tricks like the convoy pattern [9] to write
a match expression that Rocq understands, using tactics that
eventually generate that possibly complicated match expres-
sion for us might be a good idea. Rocq tactics are usually for
writing proofs, but there is no reason we cannot use them
for generating program terms instead of proof terms!
The second reason we failed is that distribute is not

structurally recursive on its input p, in the way Rocq would
expect. The argument to the recursive call is not a direct
subterm of the original input; the argument is a new de-
pendent pair that consists of subterms of the original input.
This is not acceptable to the termination checker. But wait
a minute! If this function has to unpack a dependent pair
to get its content, only to put subterms of the content in
a dependent pair again for the recursive call, why do we
need a dependent pair at all? We do not, so let us write a
helper function that avoids that indirection by splitting the
dependent pair parameter into two parameters.
Here is the helper function we need, that uses the strate-

gies we decided on: tactics for dependent pattern matching,
and splitting the dependent pair parameter into two:

8(_; _), _.1, and _.2 are custom notations we defined for construction,
first projection, and second projection of sig. Rocq standard library already
uses these notations for the same purposes for the very similar sigT type.
We use sig instead of sigT for better erasure in program extraction.
9This speech bubble is not the actual error message for this program. The
first one is closer to the actual one; the second error message is what you get
if you handle the dependent pattern matching and specify which parameter
the function is structurally recursive on.
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Fixpoint zip_proofs
{A : Type} {P : A → Prop}
(l : list A) (pf : Forall P l) {struct l}
: list {a : A | P a}.

Proof.
destruct l as [| x xs ].
- refine [].
- refine ((x; _) :: @zip_proofs A P xs _);

inversion pf; auto.
Defined.

Notice how we use the refine tactic to leave holes (_)
in the result we are returning, only to fill them with the
subproofs we get from the inversion of pf.
Now we are able to define our distribute function as a

simple call to zip_proofs:

Definition distribute
{A : Type} {P : A → Prop}
(p : {l : list A | Forall P l})
: list {a : A | P a} ≔

zip_proofs p.1 p.2.

4.1.2 Back on Track with Unfolding. Now we have all
the necessary machinery to finish defining unfold_tree_
aux, whose complete definition is as follows:

Fixpoint unfold_tree_aux
{A : Type} (R : A → A → Prop)
(next : ∀ (y : A),

{l : list A | Forall (𝝀 x ⇒ R x y) l})
(init : A)
(acc : Acc R init) {struct acc} : tree A ≔

match acc with
| Acc_intro acc' ⇒

node init (map (fun '(x; pf) ⇒
unfold_tree_aux R next x

(acc' x pf))
(distribute (next init)))

end.

When next is called, the dependent pair (of the list and
the proof that all elements of the list are “less” than init)
is then distributed into a list of dependent pairs that
consist of a single element and a proof of that particular
element being “less” than init. Now we have something we
can map! Since the list we got from distribute contains
the states after one move, we can map this list into the sub-
trees obtained from recursive calls, which we can do in a
provably terminating way since we carry pf, the proof that
x is indeed “less” than init.

We had already defined unfold_tree above, therefore
this concludes the definition of unfolding for inductive trees.

Our unfold_tree function requires explicitly choosing
an initial state init and a next-states function next.

Could we instead derive these from a predefined, well-
founded relation on game states? Not automatically. We
might not even know if our game is finitely branching.
Consider a game where two players each pick a positive
integer, and the larger number wins. The complete tree
depth is 3 (initial state, player 1’s move, player 2’s move),
but each player has infinitely many moves, making the
game horizontally infinite. We cannot completely ex-
press this game using the next function that returns
a list (or a dependent pair containing a list), since
list is an inductive type and can only express a finite
number of possible next moves. But if we use coinduc-
tive game trees and unfold_cotree, where our next
function returns a colist, we can express this game.

5 Soundness and Completeness
The unfold_tree and unfold_cotree functions, solely by
looking at their types, are guaranteed to return a finite tree
in the inductive case, and a possibly infinite (but perhaps
still finite) tree in the coinductive case. There is, however, no
theorem that tells us what is in this tree. Without inspecting
the implementation of these two functions, we cannot tell if
our implementation is faithful to the initial state and next
move function we provided. More specifically, we want to
prove two properties:

1. the soundness of unfolding, i.e., if there is a game state
in the unfolded tree, there must be a sequence of moves
from the initial state to that state,

2. the completeness of unfolding, i.e., if there is a se-
quence of moves from the initial state to a state, that
state must be in the unfolded tree.

5.1 Reasoning Inductively
Let us start with inductive trees. To be able to reason about
the correctness of the unfold_tree function, we need to
develop a vocabulary of predicates. The first notion we want
to express in Rocq is what it means to be in a tree. The In
relation from the Rocq standard library already defines what
it means to be in a list. We similarly define a relation In_
tree for trees:

Inductive In_tree
{A : Type} (a : A) : tree A → Prop ≔

| In_this : ∀ f, In_tree a (node a f)
| In_that : ∀ a' f,

Exists (In_tree a) f → In_tree a (node a' f).

If a game state a is in a tree, a is either the label of the
root node, or there is10 a tree among the children f in which
a occurs.

10Exists is an inductive type from the Rocq standard library.
Exists (In_tree a) f is equivalent to ∃ t, In t f ∧ In_tree a t.
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The next definition we need in our vocabulary is one that
expresses what it means for one game state to follow another.
We can call this a step in the game:

Definition step
{A : Type} {R : A → A → Prop}
(next : ∀ (a : A),

{l : list A | Forall (𝝀 x ⇒ R x a) l})
(x y : A) : Prop ≔

In y (next x).1.

The next function returns a pair of a list of next moves,
and a proof that all of those moves are “less” than the previ-
ous move according to the relation R. A relation that asserts
that a state is In the first projection of a call to next expresses
what it means to be a move away from a game state.

Finally, we can define a relation of reachability from one
game state to another game state:

Definition reachable
{A : Type} {R : A → A → Prop}
(next : ∀ (a : A),

{l : list A | Forall (𝝀 x ⇒ R x a) l})
: A → A → Prop ≔

clos_refl_trans A (step next).

The reflexive-transitive closure of step expresses the reach-
ability of one state from another in a finite number of moves.
Now we have the necessary vocabulary to express the

soundness and completeness of unfolding for inductive trees:

Theorem unfold_tree_sound :
∀ {A : Type} (R : A → A → Prop) `{WellFounded R}

(next : ∀ (a : A),
{l : list A | Forall (𝝀 x ⇒ R x a) l })

(init : A),
∀ (a : A),

In_tree a (unfold_tree R next init) →
reachable next init a.

Our soundness theorem expresses that all game states in
an unfolded tree must be reachable in the game from the
initial state.

Theorem unfold_tree_complete :
∀ {A : Type} (R : A → A → Prop) `{WellFounded R}

(next : ∀ (a : A),
{l : list A | Forall (𝝀 x ⇒ R x a) l })

(init : A),
∀ (a : A),

reachable next init a →
In_tree a (unfold_tree R next init).

Our completeness theorem expresses that any game state
reachable from the initial state must be in the tree.

What to Learn from the Inductive Proofs. The proofs
for these theorems are not particularly complicated. While
we will not display the full proofs here, they can be found in

the supplementary material. In this section, we will present
the distilled lessons we can learn from these proofs.

Soundness. The soundness proof is divided into two parts,
just like the unfold_tree function. We state and prove
soundness for the auxiliary function unfold_tree_aux, and
invoke that proof from the original soundness proof. The
soundness proof for the auxiliary function is by generalized
induction on the accessibility predicate, which can be proved
in Rocq more conveniently as a Fixpoint, since the init
argument changes in recursive calls. Otherwise, this proof
is relatively easy since it merely has to follow the recursive
calls and keep track of reachability starting from the original
init argument, the real initial state.

Completeness. The completeness proof is more compli-
cated since there is no structure of recursive calls that we
can directly unfold; we have to create our own structure. We
can define a lemma that explicitly unfolds the tree only one
step and handles all the associated proofs:

Lemma unfold_tree_unwrap :
∀ {A : Type} (R : A → A → Prop) `{WellFounded R}

(next : ∀ (a : A),
{l : list A | Forall (𝝀 x ⇒ R x a) l })

(init : A),
unfold_tree R next init

= node init (map (unfold_tree R next) (next init).1).

We can now prove our completeness theorem by induc-
tion on the reachable parameter, where we can rewrite the
goals using unfold_tree_unwrap and apply the inductive
hypothesis when necessary.

We defined reachable using the reflexive-transitive clo-
sure (clos_refl_trans), but the Rocq standard library
also provides left-step (clos_refl_trans_1n) and right-
step (clos_refl_trans_n1) variants. These variants
are all equivalent but differ in convenience depending
on the proof. For our completeness theorem, we use the
left-step variant first and then switch back, to simplify
the inductive proof.

5.2 Reasoning Coinductively
Similar to In and In_tree for inductive lists and trees, we
define In_colist and In_cotree for coinductive lists and
trees. However, these relations are also defined inductively;
they just happen to operate on coinductive values.
We also define a version of step and reachable that

works on the type of next that we use in unfold_cotree:

Definition costep
{A : Type}
(next : A → colist A)
(x y : A) : Prop ≔

In y (next x).
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Definition coreachable
{A : Type}
(next : A → colist A)

: A → A → Prop ≔

clos_refl_trans A (costep next).

Our soundness and correctness theorem statements for
cotrees look very similar to the ones for trees:

Theorem unfold_cotree_sound :
∀ {A : Type} (next : A → colist A) (init : A),
∀ (a : A),

In_cotree a (unfold_cotree next init) →
coreachable next init a.

Our soundness theorem expresses that all game states in
an unfolded tree must be reachable from the initial state.
An interesting point here is that the In_cotree relation is
inductive; it can only prove that a game state is in the tree
using a finite derivation. The ∀ quantifier we have, however,
allows us to express a property over all possible states in the
game tree.11

Theorem unfold_cotree_complete :
∀ {A : Type} (next : A → colist A) (init : A),
∀ (a : A),

coreachable next init a →
In_cotree a (unfold_cotree next init).

Our completeness theorem expresses that any game state
reachable from the initial state must be in the tree.

What to Learn from the Coinductive Proofs. A 19th
century poet once quipped that there are two things you do
not want to see being made: laws and sausages. Coinductive
proofs ought to be added to that list, as reasoning about coin-
ductive types is much harder than reasoning about inductive
types. We avoided the termination checker by going coinduc-
tive and defining our unfold_cotree function corecursively,
but now we have to deal with the challenges of coinductive
proofs, of which there are three major ones:

1. Corecursive function calls cannot easily be simplified
in Rocq because reducing a possibly nonterminating
term without any limits can cause an infinite loop.

2. Coinductive proofs do not compose, as it confuses
Rocq’s syntactic productivity checker.

3. We need bisimulation to reason about how possibly
infinite values are related to each other; in particu-
lar, a bisimilarity relation for each coinductive type
instead of Rocq’s propositional equality type eq (or =
in notation form).

11In fact, we can prove that this approach suffices to prove a property on
all the states in a possibly infinite tree: We define a coinductive relation
Forall_conodes, similar to the Forall relation on inductive lists in the
Rocq standard library. We can prove that a property can be proven for
anything that is In_cotree for that tree if and only if the Forall_conodes
of that property can be proven. This proof is in the supplementary material.

While various extralinguistic solutions [28, 47, 13, 66, 30]
have been devised to get around these challenges, here
we will proceed by plain coinduction, as it is provided in
Rocq [24], for easy readability of this proof pearl.

Dealing with Simplification. Following the common
advice in the Rocq community [5, 9], we define a special
identity function cotree_decompose for our coinductive
types that forces the coinductive value to decompose once:

Definition cotree_decompose
{A : Type} (t : cotree A) ≔

match t with conode a f ⇒ conode a f end.

We then claim and prove an equality lemma cotree_
decompose_eq that cotree_decompose is indeed the iden-
tity function specialized to cotrees:

Lemma cotree_decompose_eq :
∀ {A : Type} (t : cotree A), l = cotree_decompose l.

Proof. destruct t; auto. Qed.

This function and proof may look pointless, but it is ac-
tually quite helpful as we can use it to reduce coinduc-
tive values one step! We can simply rewrite with cotree_
decompose_eq instead of resorting to a tactic like simpl,
which does not work on coinductive values.

Defining Bisimilarity. Proving the equality of possibly
infinite values requires a possible infinite number of reduc-
tions. Unfortunately, Rocq’s propositional equality type eq
does not support that; eq depends on definitional equality
of two terms, which requires normalization of the terms all
at once. This may not be possible for coinductive values,
therefore we define a new coinductive relation, called bisim-
ilarity for each coinductive type whose “equality” we want
to reason about. Here is the bisimilarity relation we define
for colists:

CoInductive bisimilar_colist
{A : Type} (R : A → A → Prop)
: colist A → colist A → Prop ≔

| conil_bisim : bisimilar_colist R conil conil
| cocons_bisim :

∀ (a1 a2 : A) (l1 l2 : colist A),
R a1 a2 →
bisimilar_colist R l1 l2 →
bisimilar_colist R (cocons a1 l1) (cocons a2 l2).

We have a constructor in our relation for each constructor
of the coinductive type whose bisimilarity we are trying to
express. Here we express that conil is bisimilar to another
conil. We also express that cocons is bisimilar to cocons if
their heads are related by R and their tails are bisimilar as
well.

Why do we need R here? Well, our colist type is poly-
morphic; we do not know the type of data contained in a
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colist. We want to accommodate both inductive and coin-
ductive types in our reasoning. If we have values of an ar-
bitrary inductive type foo in two colists, then we can use
bisimilar_colist (@eq foo) to show bisimilarity of two
such lists, where eq is Rocq’s propositional equality type. If
we have values of a coinductive type bar in two colists,
then we will define a bisimilar_bar relation for the bar
type, and use bisimilar_colist bisimilar_bar to show
bisimilarity of such lists.

This flexibility in allowing a colist to contain elements of
either inductive or coinductive types comes in handy when
we try to define a bisimilarity relation for cotrees, because
cotrees contain colists of cotrees. Here is how we define
the bisimilarity relation for cotrees:

CoInductive bisimilar_cotree
{A : Type} (R : A → A → Prop)
: cotree A → cotree A → Prop ≔

| conode_bisim :
∀ (a1 a2 : A) (f1 f2 : colist (cotree A)),
R a1 a2 →
bisimilar_colist (bisimilar_cotree R) f1 f2 →
bisimilar_cotree R (conode a1 f1) (conode a2 f2).

A conode is bisimilar to another conode if the root labels
are related by R and the children of the conode are bisimilar
as well, according to bisimilar_colist and bisimilar_
cotree.

Using Bisimilarity. Now that we have bisimilarity re-
lations for colists and cotrees, how do we use them in
proofs? Rocq provides generalized rewritingmechanisms [12,
53] that allow us to rewrite with our bisimilarity relations,
as if they were equalities. This convenience comes at the
low cost of proving that our bisimilarity relations are equiv-
alence relations, and that the predicates in which we want
to rewrite respect the bisimilarity relations.

In_cotree predicate we defined earlier in subsection 5.2
is a good use case:Wewould like to prove that if two cotrees
are bisimilar, then a label is in the first cotree if and only if
it is in the second cotree. After proving this goal and regis-
tering it in Rocq using the Add Parametric Morphism com-
mand (or the Proper type class), we will be able to rewrite
cotrees passed as an argument to In_cotree. Given that
the return type of unfold_cotree_complete uses the In_
cotree relation, we may (and do) want to rewrite the final
goal using bisimilarity for cotrees.
In particular, having a bisimilarity proof of a single-step

unfolding of cotrees is helpful:

Lemma unfold_cotree_unwrap :
∀ {A : Type} (next : ∀ (a : A), list A) (init : A),

bisimilar_cotree (@eq A)
(unfold_cotree next init)
(conode init (comap (unfold_cotree next)

(next init))).

With the generalized rewriting of the final goal of unfold_
cotree_complete with unfold_cotree_unwrap, the com-
pleteness proof is merely by induction on the left-step vari-
ant on the coreachable argument. Since the left-step vari-
ant (defined with clos_refl_trans_1n) is equivalent to the
standard variant, our completeness proof is complete.

From a proof-reuse perspective, the overlap between
the inductive and coinductive developments is mostly
at the level of proof patterns, rather than shared lem-
mas. The statements of soundness and completeness are
deliberately parallel, but they live over different infras-
tructures: tree vs. cotree, In_tree vs. In_cotree, and
equality vs. bisimilarity. As a result, proof terms cannot
be shared directly, and we instead replicate the same
shape of argument (one-step “unfold” lemma, induction
on reachability, etc.) in each setting.

6 Building a Game Tree for Tic-tac-toe
To demonstrate how useful our game tree library is, let us
implement a simple, 3 × 3 tic-tac-toe game in Rocq. Here is
how we define our game state:

Inductive player : Type ≔ x | o.
Definition cell : Type ≔ option player.
Inductive board : Type ≔

| mkbd : cell → cell → cell →
cell → cell → cell →
cell → cell → cell → board.

Record game : Type ≔

{ current_board : board ; next_turn : player }.

The initial state for the tic-tac-toe game can be defined as
follows:

Definition ttt_init : game ≔

{| current_board ≔ mkbd None None None
None None None
None None None

; next_turn ≔ x |}.

Now, in order to build either the inductive or coinductive
game tree for our tic-tac-toe game, we would need to define
a function next that gives us the states one move away from
any given game state. Suppose we already have a next :
game → list game function. In order to use the unfold_
tree function for inductive trees, we would need to define
a relation and show that our next function gives us game
states decreasing based on that relation. Ideally, we would
have a relation that precisely captures the valid steps of the
game, so that we can take advantage of the soundness and
completeness proofs weworked on.We choose not to explain
all the types, functions, and predicates involved, but here is
the outline of the relation we defined for tic-tac-toe:
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Inductive game_step : game → game → Prop ≔

| gstep :
∀ (g : game) (m : move),
get_result g = ongoing →
valid_move g m →
game_step g (apply_move g m).

The game_step relation states that if a game is not already
won or at a draw, then the next player can make a move to
an empty cell. Suppose we already have a ttt_next function
that produces a list game from a game12. We will then need
to prove that all members of the resulting list respect the
game_step relation:

Lemma ttt_next_intrinsic :
∀ (g1 : game),
{l : list game | Forall (game_step g1) l}.

Proof.
intros g1. exists (ttt_next g1). (* ... *)

Defined.

Notice how easily we could fill the first half of the depen-
dent pair with a call to ttt_next. The detour we took with
zip_proofs and distribute in subsubsection 4.1.1 paid off
here; as a user of our game tree library we did not have to
deal with manipulating lists of dependent pairs, our library
took care of that for us.

Do we now have all the pieces of the puzzle to construct a
full, inductive game tree of our tic-tac-toe game? Almost! We
can call unfold_tree, which requires a relation that governs
how recursive calls are getting smaller. That relation is flip
game_step, which switches the order of the arguments of
game_step. The game_step relation takes the earlier game
state as the first argument and the later game state as the
second. This order is more natural for expressing state tran-
sitions, but less natural for expressing that something is
getting “smaller,” therefore we flip it for the termination
relation:

Definition complete_tree : tree game ≔

unfold_tree (flip game_step)
ttt_next_intrinsic
ttt_init.

.

Error:
Term contains unresolved implicit arguments:
?WF: WellFounded (flip game_step)
(no type class instance found).

Oh, right! Our unfold_tree function requires the param-
etrized relation to have a WellFounded type class instance,
but we forgot to prove the well-foundedness of our game_
step relation! Given the complicated definition of game_

12Also suppose we have a ttt_conext function that converts that the re-
sulting list from ttt_next to a colist, for the sake of ttt_is_finite.

step, how do we even approach such a proof? Proving well-
foundedness of complicated relations can be unintuitive, but
there is a trick up our sleeve that we may be able to use not
only for tic-tac-toe, but for many other games as well: de-
picting our game_step relation as a subrelation of a simpler,
more obviously well-founded relation. In tic-tac-toe, we can
write a function that counts the number of empty cells on
the board, and define a relation that states that the number
of empty cells of one game board is less than that of the other
game board:

Definition empty_cells (g : game) : nat ≔ (* ... *).
Definition later (g1 g2 : game) : Prop ≔

empty_cells g1 < empty_cells g2.

We have an easier time proving the well-foundedness of
the later relation, since the Rocq standard library already
has a proof of the well-foundedness of the < relation for nats.

Instance WF_later : WellFounded later.
Proof.

unfold later.
apply wf_inverse_image, Nat.lt_wf_0.

Defined.

The last remaining step is to prove that game_step (or
to be precise, its flipped version) is well-founded as well.
But we know and can prove that a subrelation of a well-
founded relation is also well-founded. If we can show that
flip game_step is a subrelation of later, that is, if a game
step from g1 to g2 implies that g2 has fewer empty cells than
g1, we can use that proof to obtain the well-foundedness
proof we need.

Instance WF_flip_game_step :
WellFounded (flip game_step).

Proof.
apply WF_subrelation, WF_later.
intros g2 g1; inversion 1.
apply less_empty_cells_after_apply_move; auto.

Defined.

Now we can define complete_tree with the same defini-
tion we had before, and use this game tree to implement an
executable tic-tac-toe game for a human to play against our
unbeatable AI. Our implementation uses a (yet unverified)
generalized minimax algorithm over the finite game tree to
always select an optimal move. This implementation can
be found in our supplementary material, which can be run
through Rocq’s extraction to OCaml.

Building the Tree Coinductively. Alternatively, we could
have defined complete_tree by first building the coinduc-
tive game tree, and then using the finiteness proof for our
coinductively defined game to convert the cotree to a tree:

Definition complete_tree : tree game ≔

tree_of_cotree ttt_is_finite.1
(unfold_cotree ttt_next ttt_init).
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This approach to proving termination only requires us to
know how many times the possibly infinite game tree has to
be unwrapped. As we argued in subsection 3.1, this is easy
to do for tic-tac-toe, but not for more complicated games.

7 SAT Solving on a Game Tree
To demonstrate that our framework is not limited to tradi-
tional games, we also implemented a simple propositional
SAT solver. The idea is to treat the problem of finding a sat-
isfying assignment as a search game: the “moves” are truth
assignments to propositional variables, and the outcome is
whether the formula evaluates to true.

Formulas and Assignments. We define an inductive
type formula of propositional formulaswith variables, Boolean
literals, negation, conjunction, and disjunction. The free vari-
ables of a formula can be computed with the function free_
vars, and evaluation function eval attempts to reduce a
formula to a Boolean value if all variables have been as-
signed. A partial assignment is represented by a list of pairs
(name * bool), and applying an assignment to a formula re-
places each variable by the corresponding Boolean, if present.

Moves and Next States. From a game state consisting
of the current partial assignment, the sat_next function
chooses one of the remaining free variables and branches on
the two possible Boolean values:
Definition sat_next

(f : formula) (g : game) : list game ≔

match free_vars (apply_assignments f g) with
| [] ⇒ []
| n :: _ ⇒ [(n, true) :: g; (n, false) :: g]
end.

As in tic-tac-toe, we can show that each such move strictly
decreases the number of free variables (through a new later
relation on assignments) so that recursion on this measure
is well-founded. The intrinsic version sat_next_intrinsic
packages recursive calls with required proofs of progress.

Folding over Trees. In the tic-tac-toe example (§6) we
built an interactive driver that queried the user at each node
and rendered boards, so we wrote a custom, effectful tra-
versal tailored to that user interface. In contrast, the SAT
solver (§7) is non-interactive: there is no feedback loop with
a user, and the goal is a single, aggregate result (a satisfying
assignment or None). This makes a pure traversal natural, so
we introduce a generic fold over trees and express the solver
as a single fold over the unfolded game tree:

Fixpoint fold_tree
{A B : Type}
(g : A → list B → B)
(t : tree A) : B ≔

match t with
| node a f ⇒ g a (map (fold_tree g) f)
end.

The idea is standard: given a node labelled by a value a and a
list of subtrees f, we recursively fold each subtree and then
combine the results with the user-supplied function g. Thus,
fold_tree allows us to traverse the entire tree in a single
pass and compute an aggregate result.

Searching the Tree. We can now define the SAT solver in
one step by folding over the tree generated from the initial
formula f. Starting from the empty assignment, we unfold
the tree with unfold_tree, and then fold it to look for a
satisfying assignment:
Definition find_sat (f : formula) : option game ≔

fold_tree
(𝝀 g children ⇒

match eval (apply_assignments f g) with
| Some true ⇒ Some g
| _ ⇒ List.hd_error (somes children)
end)

(unfold_tree (later f) (sat_next_intrinsic f) []).

At each node, if the current formula evaluates to Some true
under the accumulated assignments, we return those assign-
ments as a satisfying valuation. Otherwise, we examine the
folded results of the children and propagate the first satisfy-
ing assignment found, if any. If no node yields Some true,
the result is None, signifying that the formula is unsatisfiable.

Discussion. Conceptually, our solver is a baseline branch-
on-variable search that resembles the branching skeleton of
DPLL, but without unit propagation, pure-literal elimination,
backjumping, or clause learning. We materialize the search
space as an explicit tree and return the first assignment that
makes the formula true. Thanks to our library, the structure
mirrors tic-tac-toe: a next-state step, a well-founded measure
for termination, and a fold to obtain a final result.

Operationally, this materialization happens only after code
extraction. Rocq itself does not enforce an evaluation strat-
egy, so both inductive and coinductive trees can, in principle,
be consumed lazily. However, extraction to OCaml fixes an
eager evaluation order, so the inductive version of our solver
necessarily constructs the entire tree before folding it. If
we had instead used unfold_cotree, or extracted to a lazy
language such as Haskell, only the demanded prefix of the
tree or cotree would be evaluated, making it possible to
explore the search space incrementally rather than eagerly
allocating it in full.

What we have verified here is that the search terminates,
and that any returned assignment indeed satisfies the for-
mula. Completeness for this baseline follows from exhaus-
tively unfolding all free variables. By contrast, DPLL/CDCL
implementations explore (and prune) the search space im-
plicitly; verifying them requires separate proofs that each
pruning step preserves satisfiability and that the overall dri-
ver terminates. In such settings, our framework can still be
applied by unfolding a pruned next-state relation (one that
incorporates the solver’s simplification or propagation rules)
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and then proving, in place of raw completeness, that each
pruning step preserves soundness and does not remove any
solution reachable by the unpruned game. Operationally, our
approach canmimic the incremental, on-demand exploration
used by practical pruned solvers (and avoid computing the
full search space) either with inductive and coinductive trees
in a lazy setting, or just coinductive trees in an eager setting.

8 Possible Applications
Our solution is useful for any finite search space created
by adding nontrivial transitions. These applications include
games as well as pathfinding or constraint satisfaction prob-
lems. Here we suggest a few.
One area where game-tree finiteness is problematic is

order matching in financial exchanges. To maximize traded
quantity, we may represent possible order matches as a game
tree. Matching buy and sell orders of unequal size leaves a
residual order that returns to the book, complicating proofs
of decreasing size. We can address this by defining a relation
on order-book potential, showing it decreases with matches
and is well-founded. This approach can help factor out the
proofs about recursive call tree traversals from proofs about
matching if applied to existing work [50, 19, 20, 18].

A similar problem arises if we want to use a game tree to
represent all 𝛽-reductions of a simply-typed lambda calcu-
lus [10] term. Since some 𝛽-reductions require calling the
substitution function, convincing Rocq that the term is get-
ting smaller is not trivial. If we wanted to build a tree of
all possible reductions of a term, however, we can use a
flipped version of the 𝛽-reduction relation 𝑡1 →∗ 𝑡2 as an
argument to our unfold_tree function. Showing the well-
foundedness of that relation amounts to a constructive proof
that 𝛽-reduction in simply-typed lambda calculus is strongly
normalizing [58, 17].

Game trees can also model constraint-search procedures.
In SAT, classical DPLL [15, 14] and modern CDCL [51] are
often pictured as trees whose nodes branch on a Boolean
variable, even though practical solvers do not construct the
whole tree. Our SAT section (§7) instantiates this picture
explicitly as a verified baseline: a full unfold with no pruning.
To approach verified DPLL/CDCL, one can instead unfold a
pruned game tree whose edges implement unit propagation,
pure-literal elimination, backjumping, and clause learning,
and then fold with correctness invariants. Formally veri-
fied implementations face termination obligations: either
proving a decreasing measure (e.g., number of unassigned
variables) [26], or using the fuel pattern for nonstructural
recursion [29]. In a different tradition of logic, computation
trees are used to reason about time [11]. Since computation
trees can be potentially infinite, O’Connor [44] explores an
implementation of them as coinductive rose trees (and a
coinductive unfold on them to build a model), and describes

a proven-sound, bounded proof search procedure for com-
putation tree logic using them.

9 Related Work
Nipkow et al. [40] and Nipkow [39] verify alpha-beta prun-
ing for game trees in Isabelle/HOL [41]. Their concern is
algorithmic search over a tree given as input, formalized in a
classical higher-order logic, using structurally recursive def-
initions. In contrast, our paper focuses on the construction
of the game tree itself in Rocq, a dependent type theory: the
inductive construction relies on an accessibility predicate
together with a well-foundedness proof, while the coinduc-
tive construction requires productivity. In this sense, the two
approaches are complementary, tackling different aspects of
reasoning about game trees.
Escardó and Oliva [16] explore a formalization of game

trees different than ours and Nipkow [39]’s. They model
games in the Agda proof assistant [43] as well-founded de-
pendent trees (W-types) with history-dependent branching
and use selection functions to compute optimal strategies
by backward induction. In contrast, we work in Rocq with
polymorphic (but not dependent) rose trees built from a next
function, focusing on constructing the tree itself correctly
(both inductively and coinductively).

Alexandru et al. [2] use bialgebraic semantics to define
intrinsically correct sorting algorithms, by combining folds
and unfolds of lists. They implement treesort [62], which
reifies the call tree as a binary search tree. They use a termi-
nation measure as well, but for a custom binary tree type that
is descending by construction. They do not cover rose trees
or reason about games, but we look forward to a bialgebraic
take on game trees.

Coinductive game trees handle games regardless of termi-
nation: infinite moves, infinite depth, and non-monotonic
next functions are all allowed. Inductive trees, however, re-
quire the next function to produce strictly “lesser” states
at each step. For some games, this may be too restrictive,
motivating the use of well-quasi-orders instead. Intuitively,
these allow occasional increases in state size, as long as states
eventually become smaller. Vytiniotis et al. [65] provide a
blueprint for proving termination under conditions similar
to well-quasi-orders.

Hydra battles, in which the game state is itself a finite rose
tree, are a common example where termination is highly non-
trivial: cutting off a head triggers regrowth, and proving that
all such battles end requires arguments that go far beyond
simple structural size measures. Castéran et al. [8] formalize
this proof in Rocq. While this makes hydras an interest-
ing instance of rose tree games, our focus here is different:
We study how to construct and reason about game trees in
general (via inductive and coinductive unfolds), rather than
proving termination of a particular regrowth dynamic.
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10 Conclusion
We compared two approaches to verifiably building game
trees in Rocq: an inductive method (for finite trees) and a
coinductive method (for possibly infinite trees). While induc-
tive rose trees require careful proofs of termination via well-
foundedness, they allow straightforward reasoning about
properties of the resulting trees. Coinductive rose trees, on
the other hand, are simpler to define but require more com-
plex coinductive proofs to reason about infinite structures.
In both cases, we showed how to prove soundness (ev-

ery node in the tree represents a reachable state) and com-
pleteness (every reachable state appears in the tree). We
demonstrated the real-world applicability of our rose tree
functions by implementing a verified tic-tac-toe game tree
and a SAT solver, but this approach generalizes to other game
and search problems.
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